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Abstract
The thin film lubrication approximation has been studied extensively for moving contact lines of
Newtonian fluids. However, many industrial and biological applications of the thin film equation
involve shear-thinning fluids, which often also exhibit a Newtonian plateau at low shear. This
study presents new numerical simulations of the three-dimensional (i.e. two-dimensional
spreading), constant-volume, gravity-driven, free surface flow of an Ellis fluid. The numerical
solution was validated with a new similarity solution, compared to previous experiments, and then
used in a parametric study. The parametric study centered around rheological data for an example
biological application of thin film flow: topical drug delivery of anti-HIV microbicide
formulations, e.g. hydroxyethylcellulose (HEC) polymer solutions. The parametric study
evaluated how spreading length and front velocity saturation depend on Ellis parameters. A lower
concentration polymer solution with smaller zero shear viscosity (η0), τ1/2, and λ values spread
further. However, when comparing any two fluids with any possible combinations of Ellis
parameters, the impact of changing one parameter on spreading length depends on the direction
and magnitude of changes in the other two parameters. In addition, the isolated effect of the shear-
thinning parameter, λ, on the front velocity saturation depended on τ1/2. This study highlighted the
relative effects of the individual Ellis parameters, and showed that the shear rates in this flow were
in both the shear-thinning and plateau regions of rheological behavior, emphasizing the
importance of characterizing the full range of shear-rates in rheological measurements. The
validated numerical model and parametric study provides a useful tool for future steps to optimize
flow of a fluid with rheological behavior well-described by the Ellis constitutive model, in a range
of industrial and biological applications.
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1. Introduction
The thin film equation, obtained using the lubrication approximation, has been studied
extensively for moving contact lines (e.g. [1, 2]) and for many applications and flow
configurations. Applications with a free surface include spin-coating [3], biological flows [4,
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5, 6, 7, 8, 9], geophysical flows [10], bubbles moving in fluid-filled tubes [11], and pulling a
plate from a fluid source (Landau-Levich problem) [12]. Most thin film flow studies have
focused on Newtonian fluids. However, most industrial and biological applications involve
non-Newtonian fluids, such as spin-coating, geophysical flows, tear film flow, and topical
drug delivery. A subset of thin film flow studies have examined non-Newtonian behavior,
with most focusing on the shear-thinning behavior (e.g. [13]) or yield stress (e.g. [14]). In a
previous study [4], we used a 2D model of gravity and surface tension driven flow to
examine the effect of power-law shear-thinning on the capillary ridge that is associated with
a fingering instability at the moving front. Here, in this study, we derive a gravity-driven 3D
model without surface tension to focus on how Ellis fluid parameters (including shear-
thinning) impact spreading length and front speed saturation.
Thin film flow equations for Newtonian fluids have been extensively studied (e.g. [1, 2]),
but are less common for non-Newtonian fluids (e.g. [13]) or more complex materials (e.g.
[15]). Power-law and Ellis relationships are popular constitutive equations used to represent
the shear-thinning (or shear-thickening) behavior of non-Newtonian fluids. The power-law
and Ellis constitutive equations both allow straightforward analytical manipulation of terms
during derivation of the thin film equation [3, 16]. In a previous study, we presented a 3D
model of a power-law fluid in a gravity-driven, free surface flow configuration, and
validated the model with experiments [17]. However, the power-law representation does not
capture the Newtonian plateau behavior present in most polymeric solutions at low shear
rates [16]. Since gravity-driven thin film flows of viscous fluids may have large regions of
low shear rates, the Newtonian plateau may have a strong influence on spreading. Whether a
particular flow is dependent on shear-thinning effects depends on whether the characteristic
shear rate of that flow is in the Newtonian plateau range. For example, de Souza Mendes et
al. [18] assume that shear-thinning effects are not important in thin films of thixotropic
fluids coating the inside of a tube. The Ellis constitutive model uses three parameters to
capture both the Newtonian plateau and the shear-thinning behavior. While similar to the
power-law fluid in its analytical tractability, the Ellis model has small disadvantages
associated with using three parameters (increased optimization/parametric space) and the
inability to explicitly write an analytical solution to the thin film equation for the free
surface height using the form of the characteristics (a numerical approximation is described
in this paper). Shear-thinning constitutive relationships, such as power-law and Ellis, also
present additional numerical challenges for 3D models because the constitutive forms result
in additional spatial derivatives in each flux expression, which will also be described in this
paper.
A few studies have examined Ellis fluids with the lubrication approximation using
numerical or analytical approaches in several flow configurations, including: axisymmetric
spin-coating with centrifugal forces [3], draining down a vertical wall with gravity and
surface tension [19], spreading of tear substitutes during blinking under negligible gravity
[5], spreading of tear films on curved substrates [20], a film of fluid on a plane withdrawn
from a fluid source (Landau-Levich problem) [12, 11], and a gas bubble displacing liquid in
a tube [11]. With the exception of the axisymmetric spin-coating, all of these have been 2D
(i.e. 1D spreading) and with a constant flux of fluid. We are interested in a constant volume
of fluid, and the 3D flow due to gravity. A 2D model cannot represent the lateral spreading
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of a fixed volume of fluid, and will overestimate the downslope spreading. Thus, for
constant volume flow, a 3D model is needed to examine how the Ellis parameters impact
spreading.
While the previous studies of Ellis thin film flows were for different flow conditions than
this study, they have indicated that shear-thinning had an impact on flow outcomes in those
configurations. The only one with a constant volume, Charpin et al. [3], presented an
axisymmetric thin film flow of spin-coating with centrifugal forces, gravity, and surface
tension. With the influence of centrifugal force, they found that increased shear-thinning (in
both Ellis and power-law fluids) increased spreading in the spin-coating flow. In the
axisymmetric flow, they show that Ellis has benefits over power-law because of the zero
shear behavior at the center of the flow.
The study by Weidner and Schwartz [19] was also closely related to the focus of this study,
because it described gravity-driven flow of an Ellis fluid down a vertical wall. With the
inclusion of surface tension, that study showed, as we did for a power-law fluid [4], that the
capillary ridge height decreased with increased shear-thinning. However, Weidner and
Schwartz [19] used a steady state analysis of a constant flux of fluid. Thus, while that study
could focus on the steady velocity of the moving front and the shape of the capillary ridge, it
did not examine the spreading length nor how the velocity of the moving front saturates.
Jossic et al. [5] modelled an eyelid sweeping across the eye and moving a thin film of tears
under negligible gravity. While a different flow configuration, they showed that shear-
thinning with Ellis parameters had an impact on film depth in all cases considered. Other
studies have shown that for a residual film on a plane removed from a fluid bath, increased
shear-thinning (for both power-law and Ellis fluids) reduced the residual film thickness [12,
11].
The aforementioned studies reveal a knowledge gap in thin film flow studies of Ellis fluids.
Specifically, there are no previous thin film flow studies of 3D, constant volume, gravity-
driven flows of shear-thinning fluids with a Newtonian plateau. Such a study is needed, as it
will allow the parametric study for this flow configuration, and ultimately allow design of
fluid properties for targeted spreading behavior. The previous studies in this field in
different flow configurations, summarized above, indicate that the Ellis parameters are
expected to have an impact on flow behavior in this new model. Thus, the overall objective
of this study was to develop and validate a 3D numerical solution of a gravity-driven thin
film flow of a constant volume of Ellis fluid, and use the model to answer the following
questions:
• How does spreading length depend on the Ellis parameters? Specifically, how does
shear-thinning impact spreading length, and is this dependent on the other Ellis
parameters? This question is important because the outcome will allow for the
design of a fluid with a target coating behavior, and is applicable to many industrial
and biological applications.
• How much does the spreading velocity deviate from a steady velocity, and how
does that depend on the Ellis parameters? This is important because it indicates
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whether the spreading of the fluid has saturated, and no longer improving coverage.
This new model allows for the examination of the changing velocity of the gravity-
driven flow, which has not previously been studied for a constant volume of an
Ellis fluid.
• What are the typical shear rates occurring in these thin film flows of Ellis fluids?
Do the shear rates occur in the shear-thinning region or primarily in the Newtonian
plateau regime? The outcome of this question will indicate the range of rheological
data needed to characterize fluids in these flow configurations.
The following sections present the problem formulation, the numerical methods, validation,
and a parametric study. We derive the thin film equation describing the evolving shape of
the Ellis fluid’s free surface, as a function of space and time, during gravity-driven flow. We
present a numerical solution for the 3D equation, and validation with a similarity solution
and our previously published experimental results [17]. The parametric study was oriented
around an example application of interest to our research group – the drug delivery of
microbicidal polymer solutions [21] to the vaginal epithelium for protection against HIV
transmission. Microbicides can contain a pharmaceutical agent in a delivery vehicle, such as
a film [22] or polymer solution (often referred to as a “gel” by the microbicide research
community [21]). The computational model and results presented here provide a needed tool
for optimizing non-Newtonian coating flows, for microbicidal drug delivery, as well as the
other biological and industrial applications described above.
2. Methods
2.1. Problem Formulation
In this study, we derive the thin film equation for an Ellis fluid flowing in two directions
under the influence of gravity (x – downslope and y – lateral directions). With surface
tension neglected, the thin film equation is a second-order nonlinear partial differential
equation describing the evolution of the free surface as a function of time and space, h(x, y,
t). Figure 1 shows the coordinate system diagram of the 3D flow.
We start with the conservation of linear momentum (Eq. 1):
(1)
where u and g are the velocity and gravity vectors respectively, τ is the viscous stress tensor,
p is the pressure, and ρ is the density. Using the thin-film lubrication approximation [23], the
momentum equation reduced to the following equations of motion in the x-, y-, and z-
directions:
(2)
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where α is the inclination angle with respect to the horizontal plane (see Figure 1).
Integration of the z-momentum equation (Eq. 4), along with a pressure condition on the free
surface, p|(z=h) = p0, provided expressions for ∂p/∂x and ∂p/∂y. In this study, we do not
include surface tension in the pressure expression. The objectives of this study are focused
on the 3D spreading and Ellis parameter effects, rather than the combined effects of surface
tension and shear-thinning, which we previously examined with a 2D power-law shear-
thinning model [4]. The expected impact of surface tension is discussed later.
The Ellis constitutive equation [24]:
(5)
relates the viscosity η to the second invariant of the viscous stress tensor, ,
where η0 is the zero-shear viscosity, λ is the measure of shear-thinning behavior (λ > 1 is
shear-thinning), and τ1/2 is the shear stress at which the apparent viscosity has dropped to
half its zero-shear viscosity value.




where u and v were the velocities in the x and y directions, respectively. These expressions
were combined with the Ellis constitutive equation (Eq. 5) and expressions for τzx and τzy
obtained from integrating the x and y equations of motion (Eqs. 2 and 3) using the free
surface boundary conditions: τzx|(z=h) = τzy|(z=h) = 0. Using the no-slip boundary conditions,
u|z=0 = v|z=0 = 0, we obtained expressions for velocity in the downslope direction, u(x, y, z,
t), and lateral direction, v(x, y, z, t):
(8)
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Equation 8 corresponds to the equation for u for an Ellis fluid in Myers [16] (Eq. 9 in that
study) if consider only the x-direction, and neglect  (i.e. relatively steep or vertical
inclines). The flow rates per unit width (flux), in the downslope and lateral directions, qx and
qy, were found with the following expressions:
(11)
(12)






Incorporating the flux expressions (Eqs. 13 and 14) into the conservation of mass resulted in
the second order partial differential equation describing the evolution of the free surface,
h(x, y, t), of an Ellis fluid:
(16)
The 3D Newtonian evolution equation (see e.g., Eq. 3 without surface tension in Ref. [25])
is recovered from the Ellis evolution equation (Eq. 16) when (τ1/2)1−λ → 0 [5]. However, in
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the 3D model, there is a distinctive difference between shear-thinning and Newtonian
evolution equations, which requires additional numerical discretization decisions. Each of
the flux expressions in the Ellis evolution equation contain both ∂h/∂x and ∂h/∂y terms. In
contrast, the Newtonian form only contains the corresponding derivative in each flux
expression (i.e. ∂h/∂x only occurs in the qx expression). The numerical discretization of the
Ellis evolution equation is described later in Section 2.2.
To reduce the evolution equation to a non-dimensional form, the following scalings were
used: h′ = h/H, x′ = x/H, y′ = y/H, and t′ = t/T, where H was the initial maximum height of
the free surface, and T was determined after scaling the evolution equation (Eq. 16).
Substitution of those scalings into the evolution equation yielded the following non-
dimensional groupings (in addition to the non-dimensional shear-thinning parameter, λ):
(17)
(18)
E′ represents the ratio of normal gravity effects to the Ellis parameter, τ1/2, similar to Ellis
non-dimensional groupings used for steady state analysis by Afanasiev et al. [12] for the
Landau-Levich problem and Weidner and Schwartz [19] for steady flow down a vertical
wall. The t′ grouping represents the ratio of normal gravity to viscous terms. The





and B′ is a dimensionless version of B (Eq. 15). Note that the evolution equation is now only
a function of E′ and λ, and the effects of viscosity, η0, scale with t′.
2.2. Numerical Methods and Validation
The free surface evolution equation (Eq. 16) was solved numerically for h(x, y, t) using an
implicit 3-nite difference scheme which was second order in both space and time, as
Kheyfets and Kieweg Page 7






















described in this section. The numerical domain on the inclined spreading surface in the x-y
plane (see Figure 1) was uniformly divided into rectangular grid points, N · M, in the x and y
directions, respectively (see Figure 2). The N · M grid points were indexed 0 to N · M − 1
using a k indicial notation, as shown in the computational stencil in Figure 2. The Δx and Δy
grid sizes were uniform in each direction, but not required to be equal. The domain size
dynamically expanded over time to accommodate the spreading fluid and improve
computational performance. Therefore, N and M were not fixed values, but instead
constantly growing throughout the simulation. For example, at the beginning of a simulation
(t = 0s), the computational domain was divided into 400 (N) × 300 (M) nodes. Because Δx =
Δy = 0.01cm was chosen for all simulations (determined after a mesh convergence study,
described later in this section), the result was a spreading surface of 4.0 × 3.0 cm. At t = 10s,
the contact line started to approach the 4 cm boundary, therefore N was automatically
increased to 450 to adapt the computational domain to 4.5 cm. In this method, the
downslope and lateral contact lines never reached the domain boundaries, and h remained
zero at and near the boundaries.
The spatial derivatives of the flux terms in the evolution equation (Eq. 16) were discretized




where the k ± M1/2 indicial notation indicates the temporary designation of the flux at the
node interfaces between the k, k + M, and k − M grid nodes; similar notation is used for k ±
1/2 (also used in Ref. [18]). The spatial derivatives of h within the flux equations (see Eqs.
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The discretization for the hλ+2 expressions in the gravity terms at the end of the flux
equations is the shear-thinning version of the discretization used by Kondic and Diez for the
Newtonian gravity h3 expression for a Newtonian fluid [2, 26].
The remaining derivatives of h, which are not yet discretized in the above equations, include
the dh/dy terms in both of the downslope flux equations, and the dh/dx terms in both of the
lateral flux equations. As noted earlier, these additional h derivatives do not occur in the 3D
Newtonian evolution equation, and are a distinctive aspect of the Ellis and power-law 3D
evolution equations. This distinguishing feature of the shear-thinning 3D equations requires
a decision on the appropriate computational stencil for the additional derivatives such that
the fluid volume is conserved. Thus, we discretized these additional derivatives as shown in
our previous study for a power-law fluid (Eqs. 18–21 of [17]) and confirmed volume was
conserved. This technique extended the 5-point computational stencil of a Newtonian
computation [25] to an eight-point computational stencil (see Figure 2), increasing the
computational expense.
The evolution equation, Eq. 16, was discretized in time using a Θ-scheme [2]:
(29)
where fp = f (hp) is defined from the evolution equation as:
(30)
where hp = h(x, tp), p is the time index, and Θ = 1/2, which provided a second-order
accurate, implicit, Crank-Nicholson scheme. The result was N · M nonlinear equations with
N · M unknowns:
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The nonlinear system was solved using Newton’s method, which was set to converge as the
maximum change to the solution fell below 10−9. At each iteration of Newton’s method, the
linear system was solved using a preconditioned biconjugate gradient method (considered
converged as the maximum change to the solution fell below 10−6), where the
preconditioner was found using incomplete LU factorization of the Jacobian.
Fourth-order degenerate thin film equations, which include surface tension terms, do not
satisfy the maximum principle [27]. The second-order degenerate thin film equation in this
study does satisfy the maximum principle [1], and a precursor was not required. However,
false nonpositive numerical solutions can still occur [27], and at these locations, we
employed a simple positivity preserving scheme which detected the occasional small
nonpositive solutions and set those values to h = 0. Volume was monitored and confirmed to
be conserved with this scheme.
A time-adaptation scheme was used to improve computational efficiency. If either Newton’s
or the biconjugate gradient method did not converge within a threshold of iterations, the
time step was decreased and the step was repeated. If the method did converge within a
specified number of iterations, the time step was gradually increased. This provided much
improved computation times, with the same accuracy. For example, a 90-second simulation
required about 5 days of computation, as opposed to 30 days for a simulation continuously
computed at a time step of 2.5 · 10−4s. Three-dimensional numerical solutions of the
Newtonian thin film equation are known to be computationally expensive [26, 28], and
based on our previous work with 2D simulations of power-law fluids with surface tension
[4], we expected the simulation times required in this shear-thinning, 3D study.
The numerical methods were validated with volume conservation, convergence, comparison
to a similarity solution, and comparison to experiments. Volume was monitored during all
simulations and conserved within 0.001% over the entire simulation time. A mesh
convergence study showed spatial mesh convergence in the downslope and lateral directions
for a Newtonian case. Following the mesh convergence study, we selected a Δx = Δy =
0.01cm for all simulations in this study, which provided a reasonable computation time.
The similarity solution was found by considering the 2D version of the 3D Ellis evolution
equation (Eq. 16) at very steep inclination angles ( ):
(32)
Using the method of characteristics (as outlined by Huppert [29] for a Newtonian fluid), we
considered a constant h along characteristics described by:
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This equation is used to write an analytical expression for the equation of characteristics
given by x(t). For Newtonian [27] and power-law fluids [4], the equation of the
characteristics, x(t) is used to write an analytical expression for h(x, t) when x ≫ x0, the
initial value of the characteristic. However, for the Ellis fluid, the form of the characteristics
(which include separate h2 and hλ+1 terms) does not allow one to write an explicit
expression for h(x, t). Therefore, Newton’s method was used to solve for h at discrete points
along the x-axis, at a given time. The convergence criterion for Newton’s method was
considered satisfied when the maximum change to the solution fell below 10−6.
The numerical solution of the full Ellis evolution equation was also compared to previously
published experiments and a numerical solution representing only the shear-thinning
behavior (power-law). [17]
2.3. Parametric Study
For all simulations in the parametric study, the initial shape was described by h = H (−x4 −
y4 + 1), which prescribed the initial length, L, and width W of the footprint, where H was the
initial maximum height. For all dimensional simulations in this study, H = 0.5cm, L = 2cm,
W = 2cm, and the inclination angle was α = 30 °. For the dimensional study, we selected
Ellis rheological parameters relevant to our application of interest – anti-HIV microbicidal
polymer solutions. An example is the hydroxyethylcellulose (HEC) used in the Universal
Placebo for microbicide clinical trials [21]. Figure 3 presents example rheological data for
three concentrations of HEC solutions, centered around the recipe for the 2.7% HEC used in
the Universal Placebo. At these concentrations and stresses, the fluids exhibited a
Newtonian plateau at low shear rates, suggesting the use of the Ellis model. The Ellis
parameters (using Eq. 5) for these gels are shown in Table 1. Using these example gels, we
selected the following ranges for a parametric study: η0: 1200 – 3200P, τ1/2 = 200 –
800dyn/cm2, and λ: 1.2 – 3.
In this study, we present both dimensionless and dimensional results. For constant volume
applications (as opposed to a constant-flux source of fluid), the dimensional effects of the
Ellis parameters on spreading behavior are of interest and those results are most easily
viewed through a dimensional parametric study (see e.g. [4]). In addition, the dimensional
analysis is relevant to experimental comparisons and for future studies in the optimization of
the rheological properties for target spreading behavior (e.g. in microbicidal gel delivery).
3. Results and Discussion
Figure 4 shows a typical numerical result for the 3D spreading of an example Ellis fluid
parameter set. The figure indicates both the evolution of a centerline side-view and the final
footprint with height contours indicated. The figure indicates both convective and diffusive
spreading in the downslope direction, and diffusive spreading in the lateral direction, to
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create a footprint with a narrowing width near the moving front. The free surface slope is
steepest at the moving contact line and a steep slope may be a limitation to the lubrication
approximation. (Note the free surface slope is exaggerated in Figure 4 because the axes are
scaled differently.) The limitation of the steep slope at the contact line is acknowledged in
lubrication approximation literature [25, 30], but the thin film equation is still known to be
successful for comparisons to experiments and analysis [30].
The solutions for h(x, y, z, t) were also used to estimate the shear rates throughout the fluid
volume using expressions for ∂u/∂z and ∂u/∂z. The computed shear rates from these
simulations overlapped the shear rate ranges of both the Newtonian plateau and shear-
thinning rheological behavior for these Ellis fluids (see Figure 3). In addition to low
calculated shear rates in the Newtonian plateau region, the fluid experienced shear rates of
over 0.1/s at many spatial locations even at later times, and some regions exceeded 1/s at
earlier times (data not shown).
As a validation of the numerical methods, we confirmed that the numerical solution
approaches the similarity solution at long times. Figure 5 shows an example of a side profile
at the centerline of the 3D numerical solution compared with the 2D similarity solution at
two times, for a given set of parameters. The simulation was of a very steep incline to match
the assumptions of the similarity solution, and this resulted in a sharp moving front as
expected. These results indicated that the numerical solution approached the similarity
solution as t → ∞.
The numerical simulations were also compared to our previously published experimental
results and simulations of a power-law fluid (i.e. the Newtonian plateau was not represented)
[16]. In that previous work, we presented a method to obtain the 3D shape of the free surface
of a spreading fluid during an experiment, utilized the experimental surface topography as
the numerical initial shape, and compared spreading between power-law simulations and
corresponding experiments of HEC polymer solutions.
Figure 6 presents the downslope spreading length for nine experiments compared against
corresponding numerical simulations. The experimentally-obtained shape of the free surface
of each experiment was used as input to the numerical simulations. Rheological parameters
were obtained independently using rheometric data (i.e. Table 1 for the Ellis parameters in
this study) and used as input to the numerical simulations. Qualitatively, the Ellis model was
observed to improve agreement with experiment as compared to the power-law model. For
quantitative comparison, Table 2 shows the RMS error comparing each simulation with
experiment over 90 seconds. The Ellis simulations resulted in lower RMS errors for all nine
experiments, as compared to the power-law simulations.
3.1. Spreading Length
Figure 7 presents a dimensional parametric study over the Ellis parameter space, and their
influence on downslope spreading. It shows nine contour plots, with an outcome measure
(spreading length at the front, Lf, at a given time) depicted over the parameter space
described by the three Ellis parameters: λ, η0, and τ1/2. We first focus on the dimensional
values, to see the effects of each Ellis parameter within the range considered.
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Figure 7 shows that the highest values of downslope spreading length occurred at the lowest
values of all three Ellis parameters. For example, this study showed a comparison of fluids
which varied only in HEC concentration. The fluid with the smallest Ellis parameters (i.e.,
the least HEC concentration had the lowest η0, τ1/2, and λ) spread the furthest, as expected.
However, when comparing any two fluids with any possible combinations of parameters, the
impact of a decrease in one Ellis parameter on spreading length depends on the direction and
magnitude of changes in the other two Ellis parameters. Thus, the parametric study results in
Figure 7 provide a way to predict, compare, and optimize spreading behavior for given fluid
rheological properties.
Using Figure 7, the effects of each individual Ellis parameter can be isolated. For a fixed λ
and τ1/2, as η0 is decreased the fluid will spread more, as expected. For a given η0 and τ1/2,
as the shear-thinning parameter(λ) approaches one (i.e. less shear-thinning), the fluid will
also spread more. And, finally, if the other terms are constant, a drop in τ1/2 will also
increase spreading. The non-dimensional plot (Figure 8) reveals the same trends by showing
that dimensionless spreading is larger for increased E′ and t′ and decreased λ.
Additionally, Figure 7 also provides information on the relative impact of each parameter by
comparisons of the general shapes of the contours. For example, the first row in Figure 7
shows that as λ is decreased (i.e. less shear-thinning), the contours are more linear and
vertical over the τ1/2 and λ space. Those contour shapes indicate that changes in τ1/2 have
little impact as λ is decreased. This result matches the expectation from the Ellis constitutive
equation: as the fluid approaches Newtonian behavior, the viscosity (η0) determines the flow
behavior. The non-dimensional analysis (Figure 8) showed the same trend: as λ decreases, E
′ has less impact on spreading.
Similarly, the third row of Figure 7 indicates that the contours over the η0 and λ space
become more horizontal as τ1/2 decreases, suggesting that spreading becomes more
independent of λ as τ1/2 decreases. This is easier to see in the non-dimensional figure
(Figure 8), where λ has less impact as E′ is increased.
The shape of the contour lines in the second row of Figure 7 yields information about the
relative impact of τ1/2 and λ. The shape of the contour lines over the τ1/2 and λ space are not
affected by different values of η0, indicating that while η0 impacts downslope spreading, it
does not change the overall dependence of spreading on τ1/2 and λ. The non-dimensional
analysis (Figure 8) confirms that relationship. As the η0 is changed in the non-dimensional
time, the relative dependence of the spreading length on λ and the non-dimensional E do not
change; while, of course, the spreading length does change with changes in time and η0.
This also indicates that we expect to see the same trends shown in Figure 8 at later times.
3.2. Spreading Saturation
Figure 9 is another set of contour plots of a different outcome measure over the Ellis
parameter space. Here, the outcome parameter is growth saturation, S, and is a measure of
how the velocity of the moving front changes. We define a saturation parameter, S,
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where ALf is the area under a Lfront vs t curve (i.e. a deceleration, or a velocity saturation),
and AS is the area under a straight-line plot to reach the Lfront value at the final time-point
(i.e. constant velocity). Thus, saturation, S, represents the relative deviation of the Lf vs t
curve from a constant velocity plot. For example, if the velocity of the spreading front was
more constant, then the saturation approaches zero. If the front velocity was decelerating
more, then the saturation value increases. Thus, S is a measure of front velocity saturation.
Figure 9 indicates that the highest values of S (i.e. less constant velocity and more
saturation) occurred at the lowest values of η0 and τ1/2. However, unlike for the spreading
length values in Figure 7, the effect of changing λ alone on saturation depends on the τ1/2
value. This is evident in the second row of contours in Figure 9, where the effect of λ is
different for lower and higher τ1/2: at higher τ1/2, increasing λ decreases saturation. Row
three also shows the same effect: the shapes of the contours over the λ space change for
different values of τ1/2 moving across the row of contour plots. The different trends for λ are
clear in the non-dimensional plot (Figure 10): at smaller E′, the dependence on λ is
decreasing, while it is increasing at higher E′. This indicates that there may be a critical
value for E′ where the effect of λ is negligible on velocity saturation. In addition, the non-
dimensional plots reinforce the trends for η0 and τ1/2: as η0 decreases (or as t′ increases), the
saturation levels increase, and as τ1/2 decreases (or as E′ increases), the saturation also
increases.
As observed for the spreading length, the shapes of the saturation contours in the first row of
Figure 9 show that as λ decreases (i.e. less shear-thinning), the saturation is more
independent of τ1/2. The non-dimensional plots (Figure 10) also show the same trend: E′ has
less impact at lower λ values. Again, this was expected since the viscosity effects should
dominate for a more Newtonian fluid. Row two contours in Figure 9 are similar in shape
across the row, and that indicates that as η0 changes, the relative effects of the other two
Ellis parameters are similar – as it was for spreading length. This is also seen in the non-
dimensional plot (Figure 10) by noticing that the trends stay the same as t′ changes. This
indicates that trends at future time points will remain the same.
3.3. Discussion of Surface Tension and Wettability
This study did not consider surface tension, which would be expected to further slightly
constrain the downhill gravity spreading (due to the gravity component parallel to the
incline) and slumping behavior (due to gravity component perpendicular to the incline). Our
previous study [4] on surface tension and gravity-driven flow examined the effects of shear-
thinning on the formation of a capillary ridge in a 2D model. The capillary ridge is
associated with the onset of lateral fingering instabilities [31]. Thus, ongoing studies in our
research group are developing a 3D model with both surface tension and shear-thinning to
examine the fingering patterns that emerge with an applied lateral perturbation. Such
computational models are even more expensive than the present 3D model in this study, due
to both the 4th-order terms in the thin film equation, and the discretization requirements for
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the derivatives in the flux terms that arise due to the shear-thinning constitutive equations, as
described in this study. Three-dimensional numerical simulations of fourth-order thin film
equations for Newtonian fluids are known to be computationally expensive [26, 28], and
thus, based on this study and our previous work [4], we know that the shear-thinning terms
will increase computational needs. Thus, this study focused on the specific objectives stated
in the Introduction, and the effects of shear-thinning on lateral fingering patterns are planned
for future studies.
In the experiments of small volumes of very viscous fluids (results shown in Figure 6), we
did not observe transverse fingering patterns at the advancing front. This observation
actually matches intuition based on every day experiences with small (<≈ 3mL) “blobs” of
typical viscous fluids in common use. However, we also expected that behavior based on
linear stability analysis (LSA) of Newtonian fluids spreading on an incline. LSA also
informs our expectations of the effect of including surface tension in this study’s 3D Ellis
computational model. LSA for Newtonian fluids indicates that instability at the contact line
is stabilized by a stronger normal component of gravity [31, 32]. The dimensionless
parameter D(α) = 3(Ca)1/3 cot α used in LSA represents the strength of the normal
component of gravity [25]. The capillary number is typically defined as  and
includes the Newtonian viscosity (μ) and a velocity scale (U). Our experiments were on a
relatively flat incline α = 30 ° and so we would expect the normal components of gravity to
be strong in comparison to surface tension effects. As D increases (with flatter inclines or
lower surface tension), LSA shows that there is typically an increased band of wave
numbers in the stable region (see Fig 2c in [26]), and the stable region is no longer only at
high wavenumbers (i.e. short wavelengths) as it is for D = 0. In other words, the mode of
maximum unstable growth corresponds to longer wavelengths as D increases. However,
these experiments with small volumes had transverse widths that were likely smaller than
the longer wavelengths associated with maximum unstable growth. We are currently
extending LSA to study the effects of shear-thinning and viscoelasticity (along with surface
tension) on the contact line instability; for example, Spaid and Homsy [33] found that elastic
effects tend to stabilize the capillary ridge.
Contact line motion is influenced by other factors such as wettability and surface roughness,
and these represent ongoing challenges in thin film flow research [34]. Wettability of a fluid/
solid interaction influences spreading behavior [35, 25, 36] and could be considered using
the contact angle at the moving contact line. For example, stability analysis can be used in a
slip model to understand the effect of contact angle on instabilities at the front; Spaid and
Homsy [33] found the instability is not affected by contact angle for small contact angles.
However, the numerical incorporation of contact angle (e.g. in a volume of fluid (VOF)
model [35]) is restricted by the challenges of capturing the realistic variable contact angle
[35], which is also a function of the front velocity [36]. Thus, this study’s analysis of
velocity saturation may inform future models incorporating dynamic contact angle, since the
saturation of the front velocity depends on the Ellis parameters.
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In this study, we presented new 3D simulations of constant-volume, gravity-driven, free
surface flow of an Ellis fluid, using the thin film lubrication approximation. The numerical
solution was validated with a new similarity solution, compared to previous experiments,
and used in a parametric study to examine the effects of the three Ellis parameters on the
spreading outcomes of length and front velocity saturation. The Ellis fluid simulations
showed improved agreement with experiment as compared to the power-law model which
did not represent the fluid’s Newtonian plateau behavior. In addition, the simulation results
indicate that the shear rates encountered in these simulations and experiments were in the
regime of both shear-thinning and plateau regions of rheological data. This is an important
outcome, particularly for the microbicide application, as it demonstrates the importance of
collecting the full shear rate range of rheological data, which often requires a high-end
rheometer.
Overall, for the presented parameter ranges, a lower concentration polymer solution with
smaller η0, τ1/2, and λ values is expected to flow with an increased spreading length, and
that was confirmed in the experiments. However, when comparing any two fluids with any
possible combinations of Ellis parameters, the impact of changing one parameter on
spreading length depends on the direction and magnitude of changes in the other two
parameters. The overall dependence on all three parameters again emphasizes the need to
characterize rheological behavior over a full shear rate range.
The isolated effect of the shear-thinning parameter, λ, on the front velocity saturation will
depend on the relative value of τ1/2; i.e. saturation depends on the magnitude of E′. This
indicates a value for E′ where the effect of λ has relatively little impact on saturation. For
larger E′ (i.e. normal gravity terms dominate the τ1/2 term), an increase in shear-thinning
behavior causes more velocity saturation. When E′ is smaller, indicating normal gravity is
less influential than the τ1/2 term, the increased shear-thinning behavior reduces the velocity
saturation. These results suggest the usefulness of a computational model to predict the flow
of fluids with different Ellis parameters, under a particular flow configuration.
The parametric study indicated how changing one parameter may have little or more
influence on spreading outcomes, and that the effect of that parameter depends on the other
Ellis parameters. This will also be of importance when considering the effects of dilution [8]
or formulation conditions on the change in parameters, and how sensitive a given polymer
solution may be to changes in those parameters due to dilution or formulation conditions.
Finally, an understanding of these relationships, provided by this numerical model, will be
useful for predicting or optimizing the flow of a fluid with rheological behavior that is well-
represented by the Ellis constitutive model, in a range of industrial and biological
applications.
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Figure 1. Coordinate System
Coordinate system and definitions of spreading characteristics in the x (downslope) and y
(lateral) directions.
Kheyfets and Kieweg Page 19






















Figure 2. Domain (Ω) and computational stencil for the numerical method
The domain is divided into N points Δx distance apart in the downslope direction and M
points Δy distance apart in the lateral direction.
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Figure 3. Example of rheological data for three hydroxyethylcellulose (HEC) solutions well-
described by the Ellis constitutive equation
Lines indicate fit of the mean rheological data to the Ellis constitutive relationship (Eq. 5),
with resulting parameters shown in Table 1. Rheology data were collected at 37 °C, on an
AR 2000 Rheometer (TA Instruments), with a 40 mm 2 ° aluminum cone geometry. The
data were collected in triplicate, and with a shear-rate sweep over 0.01 – 100/s, on a log
scale sampling for three minutes at each shear rate. Bars indicate mean ± standard deviation
of triplicate data.
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Figure 4. Example of spreading profiles at centerline cross-section and footprint view of
numerical simulation
(a) Example side view spreading profile over time at centerline cross-section. (b) Top view
of spreading footprint at t = 40s with height contours drawn. Input parameters for
simulation: α = 30 °, η0 = 1200P and τ1/2 = 200dyn/cm2, and λ = 1.2.
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Figure 5. Comparison of similarity solution to numerical solution
Comparison of height profile, at t = 54s (dashed gray) and t = 90s (solid black) of spreading,
obtained from the 3-D Ellis numerical solution and 2-D Ellis similarity solution. At each
time point, the top curve represents the similarity solution, while the bottom curve represents
a cross-section of the 3-D numerical solution, cut along its centerline. Agreement between
the numerical and similarity solutions is improved as t → ∞. Input parameters: α = 88 °, η0
= 3200P, τ1/2 = 800dyn/cm2, and λ = 1.5. Initial condition of shape: h(x, y, t) = −0.5x2
−0.5y2 + 0.5. The steep inclination angle was used only in these simulations to compare to
the similarity solution found for cases of , as described in the Numerical
Methods section. All other simulations in this study used α = 30 °.
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Figure 6. Comparison of numerical simulation to experiments
Down-slope spreading (Lfront[=]cm) over time for the Ellis (green solid) and power-law (red
solid) numerical simulations, compared against experiments. Power-law simulations and
experimental results described in a previous study [17]. Nine experimental runs (three runs
[R1, R2, R3] each of 2.4%, 2.7%, and 3.0% HEC concentration) are shown. The initial
shape of the fluid for both simulations was created from the real initial shape from each
experiment, as described in our previous study [17]. Qualitative assessment of the Ellis
model shows improved agreement with the experiment over the power-law model.
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Figure 7. Contour plots of downslope spreading (Lfront[=]cm) at t = 40s over Ellis parameter
space
The first row shows a contour plot over a range of τ1/2 and η0 for three values of λ. The
second row shows a range of τ1/2 and λ at three values of η0. The third row shows a range of
η0 and λ at three values of τ1/2. The contour lines on each plot were drawn from the
corresponding nine simulations using a MATLAB interpolation for contours. Units: η0[=]P
and τ1/2[=]dyn/cm2.
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Figure 8. Dimensionless plots of downslope spreading as a function of dimensionless Ellis
parameters
(a) t′ = 14.1, (b) t′ = 8.49, (c) t′ = 5.30. Downslope spreading length = Lfront = Lf [=]cm,
Initial length = L = 2cm, Dimensionless group E′ = ρgH cos α/τ1/2, Dimensionless group t′ =
t/(η0/ρgH cos α). Only t = 40s simulation data are shown.
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Figure 9. Contour plots of velocity saturation (S) over t = 40s over Ellis parameter space
As S → 0, there was a more constant velocity, and less velocity saturation. The first row
shows a contour plot over a range of τ1/2 and η0 for three values of λ. The second row shows
a range of τ1/2 and λ at three values of η0. The third row shows a range of η0 and λ at three
values of τ1/2. The contour lines on each plot were drawn from the corresponding nine
simulations using a MATLAB interpolation for contours. Units: η0[=]P and τ1/2[=]dyn/cm2.
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Figure 10. Dimensionless plots of velocity saturation as a function of dimensionless Ellis
parameters
(a) t′ = 14.1, (b) t′ = 8.49, (c) t′ = 5.30. Saturation parameter S defined in Eq. 34: S → 0
when velocity is more constant, and S increases if the front velocity decelerates more.
Dimensionless group E′ = ρgH cos α/τ1/2, Dimensionless group t′ = t/(η0/ρgH cos α). Only t
= 40s simulation data are shown.
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Table 1
Rheological Parameters
Ellis parameters for three hydroxyethylcellulose (HEC) polymer solutions based on the 2.7% Universal
Placebo [21]. R2 values represent the goodness of fit of the mean rheological data (described and shown in
Figure 3) to the Ellis constitutive relationship (Eq. 5).
HEC Concentration η0(P) τ1/2 (dyn/cm2) λ R2
2.4% 762.56 276.98 2.604 0.9895
2.7% 1370.5 331.70 2.700 0.9888
3.0% 2264.9 381.00 2.800 0.9887
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